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1 Gaussian Elimination

Solving a set of linear equations arises in many contexts in applied mathematics. At least until
recently, a claim could be made that solving sets of linear equations (generally as a component of
dealing with larger problems like partial-differential-equation solving, or optimization, consumes
more computer time than any other computational procedure. (Distant competitors would be the
Gram-Schmidt process and the fast Fourier transform computation, and the Gram-Schmidt process
is a first cousin to the Gaussian elimination computation since both may be used to solve systems
of linear equations, and they are both based on forming particular linear combinations of a given
sequence of vectors.) Indeed, the invention of the digital computer was largely motivated by the
desire to find a labor-saving means to solve systems of linear equations [Smil0].

Often the subject of linear algebra is approached by starting with the topic of solving sets of linear
equations, and Gaussian elimination methodology is elaborated to introduce matrix inverses, rank,
nullspaces, etc.

We have seen above that computing a preimage vector z € R"™ of a vector v € R* with respect to

the n x k matrix A consists of finding a solution (z1,...,x,) to the k linear equations:
Apzy + Agjzo + -+ Az, = 1
Ajoxy + Az + -+ Apaxy, = 2
Alk[IZl + AQk.%'Q +--+ Ankxn = V.

This corresponds to xA = v.
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If v e RF — rowspace(A) then there are no solutions z; the equations xA = v are inconsistent. For
example, [1x1 + 2z9 = 0,2z + 422 = 1]. This is because A = x1(A row 1) +--- + z,(A row n) €
rowspace(A) C RF for every z € R™.

Recall that nullspace(A) = {x € R™ | zA = 0} with dim(nullspace(A)) = n — rank(A). If
nullspace(A) = {0} and v € rowspace(A), then there is a unique solution z = vA™*, where the k xn
matrix AT is the Moore-Penrose pseudo-inverse matrix of A. Necessarily k > n; in case n = k,
A is non-singular and A* = A7! so 2 = vA~!. The vector vA* always belongs to colspace(A)
regardless of the choice of v or the dimension of nullspace(A).

If dim(nullspace(A)) > 0 and v € rowspace(A), there is a dim(nullspace(A))-dimensional flat
of solutions z. The vectors in nullspace(A) + vAT C R™ comprise all the solution vectors, ,
that satisfy A = v. The matrix A corresponds to a mapping that maps the family of parallel
(n — rank(A))-dimensional flats {nullspace(A) +y | y € colspace(A)} covering R™ to points in
rowspace(A) C RF; this flat-to-point mapping is one-to-one and onto.

Geometrically, with rank(A) = r and v € rowspace(A), we have r linearly-independent hyperplanes
defined by (x,A col j;) = v, ..., (z,A col j,) = vj, where A col jy,..., A col j, are linearly-
independent columns of A; these hyperplanes intersect in an (n — r)-dimensional flat in R™; this
flat is the translation of nullspace(A): vA™ + nullspace(A).

In general, the matrix A1 A is the k x k projection matrix onto rowspace(A) C RF, and for any
vector v € RF, the vector vA™ is the unique vector in colspace(A) such that |v —vA*+ A| is minimal;
moreover vA™ is the shortest minimizing vector in R"™.

We often wish to determine which of these cases hold for a given n x k matrix A and a given
right-hand-side vector v € R*, and when v € rowspace(A), we wish to compute the solution vector
x = vAT without the expense of computing the Moore-Penrose pseudo-inverse matrix AT. The
classic step-wise approach to computing x is to add a multiple of one equation to another at each
step until the system of equations is reduced to a form which is easy to either solve or to see that no
solution or no unique solution exists. This process is called Gaussian elimination, since we generally
aim to eliminate successive variables from successive equations by simple algebraic modifications
as was proceduralized by C. F. Gauss.

The form that is most commonly sought is a triangular system of equations. We will usually only
need to deal with such a triangular system in the case where n = k and we have a unique solution
vector x, i.e. where we have a consistent system of equations with n = k, and the matrix of
coefficients is non-singular. In this case, we can obtain:

Lz + Loiza + -+ + Lp_11Tp—1 + Lpiz, =
Lysxs + -+ + Lp_12Tp-1 + Lpowy = Y
Ln—l,n—lmn—l + Ln,n—lfl:n = Yn-1

Lppxn = Un

This corresponds to xL = y where L is an n X n lower-triangular matrix. Let us assume there is a
unique solution, so L must be non-singular, and thus L;; is necessarily non-zero for i = 1,...,n. If
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we have such a triangular form, then we have one equation involving just x,, one involving just x,,
and x,_1, and so on, and it is easy to compute the solution vector z. The process of computing
the solution is called “back-substitution.” An algorithm for solving L = y with back-substitution
is given below.

fori=nn—1,...,1: (z; —y;; for j=i+1,...,n: (x; — x; — Ljjz;); z; < x;/Li;)).

Exercise 1.1: State the back-substitution algorithm that applies when we have a non-singular
n X n upper-triangular matrix U with zU = y, so that we have one equation involving just x1,
one involving just x; and x2, and so on.

Exercise 1.2: Write-out the matrix products L and LTzT and compare them.
Exercise 1.3: Let A be an n x k matrix. What is the lower-triangle of A when n =17

Exercise 1.4: Let L be a lower-triangular matrix. Why must L;; # 0 for 1 < ¢ < n when L
is non-singular?

Exercise 1.5: Show that the back-substitution algorithm given above uses n divisions, n(n —
1)/2 multiplications and subtractions, and n(n + 3)/2 assignment operations.

Exercise 1.6: When is the inverse of a non-singular n x n triangular matrix, L, itself trian-
gular? Hint: consider determining the i-th row of L~! by solving zL = e;.

We can approach solving the system of equations xA = v as follows. For each variable z; with
i=1,2,...,n, select an “eligible” equation (z, A col j) = v; with A;; # 0. Solve this equation for
x;, and then use this expression for z; to eliminate x; in all the other equations.

Given z; = E —%xh, we eliminate x; from the equation (z, A col p) = v, by substituting
1<h<n K
ho£i
Ahj i . . . Aip Yy
E ———=xy, for x; in (z, A col p) = v, to obtain the equation (z,[A col p] — [A col j]) =
1<h<n
hoti

A

vp— ﬂvj, in which the variable x; has been eliminated. Note this transformation replaces equation
j

p with the sum of equation p and a multiple of equation j. (This transformation is called full-

pivoting.) We then make equation j “ineligible” and proceed to try to eliminate the next variable,

x;4+1 from all but one of our equations (both eligible and ineligible,) continuing in this way until

there are no eligible equations left.

If we can succeed in eliminating each variable from all but one of our equations, and if each final
equation thus obtained contains no more than one variable, then we have “diagonalized” our system

of equations; each equation is now either of the form “0 = fu}” or is of the form “Agja:i = vé-,”. If we
have any equation of the form “0 = v}” with v, # 0, then our equations are inconsistent. Otherwise,
we can easily obtain values of x1, ..., z, that satisfy zA = v.

Exercise 1.7: What do we mean by an “eligible” equation? Why do we make an equation
“ineligible” after we use it to eliminate a variable from all the other equations? (Try using
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the same equation in two steps to eliminate two distinct variables x1 and x9 from all the other
equations in an example.)

Alternately, we can try to “reduce” our system of equations A = v to triangular form rather than
diagonal form by “partially” eliminating each variable from our equations. This triangular form
can be as useful as the diagonal form, even when zA = v does not have a unique solution, and
it can also be used to solve multiple systems of equations with distinct righthand-sides, with just
two back-substitution steps for each such system. (Note, in general, neither “true” diagonal or
triangular forms are obtained unless we renumber, i.e. permute, our equations.)

It is important to note that constructing either form may introduce excessive round-off error in
the solution of the associated set of linear equations; we may use a “pivot search” to mitigate this
danger. The “partial” elimination process using round-off error-reduction steps is the subject to
be addressed below.

Exercise 1.8: Why do we say two back-substitution steps are required to solve each of a
sequence of linear systems with differing right-hand-sides? (If you can answer this question, you
have probably seen the LU-decomposition idea before.)

In matrix form, adding a multiple of one equation to another in the system of equations zA = v
consists of adding a multiple of one column of A to another, and at the same time adding that
multiple of the same (single element) column of v to the other corresponding (single element)
column of v. (We manipulate columns rather than rows because we take vectors to be rows rather
than columns and we apply matrices to vectors by multiplying on the right.) This can be nicely
organized, when desired, by appending v to the matrix A as an additional row.

Adding a multiple of one column of a matrix to another column can be effected by multiplying on
the right by a suitable elementary matrix E. Define Eili, j, o] to be the k x k matrix I + ae;-rei
where e; is the k-vector (0,...,0,1,0,...,0) with each component equal to 0 except component
j which is 1. Now, for any k-column matrix A, AEy[i,j,a] is the same matrix as A except that
column ¢ is replaced by (A col i) + «(A col j).

Exercise 1.9: Show that e]Tei is the k x k matrix each of whose elements is 0 except component
[7,4] which is 1.

Exercise 1.10: Show that E[i,j, o]t = Ei[j,i,a]. Thus the transpose of an elementary
matrix is an elementary matrix.

Exercise 1.11: A suitable comformable elementary matrix can also be used to add a multiple
of a row of an n x m matrix A to another row of A. Show that E,[i, j, a]A is the same matrix
as A except that row j is replaced by (A row j) + a(A row 7).

Exercise 1.12: Show that Ejy[i,i,a — 1] = I except the [i,1] element is a. Show that B =
AEFEy[i, i, — 1] has the same columns as A except B col i = a(A col 7).

Exercise 1.13: Show that, if a = 0 or i # j then Ex[i,j, o]t = Ei[i, 4, —a], if a # —1 and
i = j then Ei[i,j,a] ™' = E[i,i,—a/(1+a)], and if « = —1 and i = j then Ey[i, j, o] is singular.
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Exercise 1.14: Let the k x k matrix S = E[i,j, —1]Ex[4, i, 1| Ex[i, j, —1] Ex[i, i, —2], where
1<i<kand1l<j<kwith iz j. Show that B = AS has the same columns as A except
B coli= Acol jand B col j = A col i, where i # j. What does right-multiplication by S do
if i = 47
Recall that transposey(i, j) denotes the permutation (1,...,7,...,14,...,k) where component ¢t = t,
except component ¢ = j and component j7 = ¢. The k X k column permutation matrix corresponding
to transposey(i, j) is the matrix I col transposeg(i, j); from the exercise above, this is:
Exli, j, —1|Eglj, i, 1] Ex[i, j, —1] Ex[i, i, —2] when i # j. The n x n row permutation matrix corre-
sponding to transposey (i, j) is the matrix I row transpose,(i,j); when ¢ # j, this is the matrix
(Enli, 7, —1Enlj, i, 1) Enli, j, —1]Ey[i,i, —2]))T. When i = j, I col transpose(i,i) = E[i,i,0] and
I row transpose,(i,i) = Eyli,1,0].

Note that since any transposition permutation matrix can be expressed as a product of elementary
matrices and every permutation can be expressed as a composition of transpose permutations, any
permutation matrix can be expressed as a product of elementary matrices.

It is convenient to define the k x k matrix G[i,w] = I + e} w, where w € R*. The matrix Gy[i, w]
is called a column-operation Gauss matrix. Note (AGy[i,w]) col j = (A col j) + w;(A col i) for
1 < j <k where colsize(A) = k.

Exercise 1.15: Show that Gy[i, w] row i = e; + w.
Exercise 1.16: Show that Gi[i,w] = Ex[1,1,w1]Ex[2, 1, wa] - - - Ex[k, i, wg].

Exercise 1.17: Show that all the matrices Eg[1,i,w1],..., Ex[i — 1,1, w;—1], Egxli + 1,4, wit1],
..., Exlk, i, w] commute with one-another, but not necessarily with Ey[i, i, w;].

Exercise 1.18: Show that if w; = 0, then G[i,w] ! = Gg[i, —w] = I — efw.

Exercise 1.19: Let A be a k x m matrix. Show that (G[i,w]TA) row j = (A row j) +
w;(A row ). (The transpose of a column-operation Gauss matrix is called a row-operation
Gauss matrix.)

Exercise 1.20: Let A be a k X k matrix with A,; # 0.
L _ <_Ar1 —Aricn 1-Ar —Arin —Arg

et w = RN , , N
Ari Ari Ari Ari Ari

>. What is (AGg[i, w]) row r?

The column-operation Gauss matrix G [h, w] can be used to convert the last h—1 components of a k-
vector to 0, when component h of the vector is non-zero. Let a = (a1, ag, ..., ar) with ap # 0. Take
w=(0,...,0,0,—aps+1/an, —aps2/an, ..., —ar/ap). Then aGy[h,w] = (a1, a9, ...,ap,0,...,0). We
use only this form of Gauss matrix below; thus we shall henceforth consider only restricted Gauss
matrices G[h, w] where w col (1: h) = 0.

Exercise 1.21: Take s € {1,...,k} and let vy, ...,vs be vectors in R¥ such that (vy) col (1 :
h) =0 for h =1,...,s. Let M}, = Gglh,vp] be the indicated restricted Gauss matrix. Show
that MiMy--- My, =1+ Zlgigs e;rvi and also show that (M{Ms---My)™' =1 — Zlgigs eiTvi.

Hint: show that (eiTvi)(eijj) =0 when ¢ > j (and (v;) col (1:17) =0).
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We can transform an n x k matrix A into a lower-triangular form by multiplying by suitable
permutation matrices and restricted Gauss matrices appropriately on the left and on the right of
A. Note if we multiply the coefficient matrix A by suitable permutation matrices and unrestricted
Gauss matrices appropriately on the left and on the right, we can transform A into a diagonal form.

Gaussian elimination can be systematized and cast in a more general form by considering an
associated matrix factorization called an LU-decomposition [GV89]. Again, by multiplying by
suitable permutation matrices and restricted Gauss matrices appropriately on the left and on the
right of A, we can obtain a complete LU-decomposition of the n x k& matrix A.

Let r = rank(A) (Generally, in practice, r will be computed with error and will be the “computa-
tional rank” of A which is just an estimate of rank(A), but, for presentation purposes, we assume
exact arithmetic.) We will give an algorithm below based on the complete-pivoting algorithm in
[GV89] that determines the rank r, and further determines nxn transposition permutation matrices
Ri,..., R, and k X k transposition permutation matrices C1,...,C, and k X k restricted column-
operation Gauss matrices M1, ..., M,, and an n X k lower-triangular matrix L and a non-singular
k x k upper-triangular matrix U such that

R, - -RIACiM;---C,M, =L and R, ---R1ACi---C, =LU.

The matrix L is an n x k lower-triangular matrix of the form ] , where J is an r X r non-

J 0
K 0
singular lower-triangular matrix and K is an (n—r) x r matrix. The identity R, --- R1AC, ---C, =
LU is called an LU-decomposition for A.

LU-Decomposition by Column-Operation Gaussian Elimination with Complete-Pivoting:
input: n x k matrix A, n>1, k> 1.
output: L,U,b,c,7,Ry,...,R.,Cq,...,Cp, My,..., M,

1. L—A;h— 1, U «— Ipup; b— (1,2,...,n); ¢ — (1,2,..., k).

2. Determine indices p € {h,...,n} and ¢ € {h,...,k} such that |L,q| = maz,<;<,|Lij|-
h<j<k
3. a « Lyg; if a =0 then (r — h — 1; exit).

4. bh<—p;ch<—q.

Let u = transposey(h, q). Define Cj, = I col w.
Let u = transpose,(h,p). Define R, = I row u.

5. If h# q swap L col h and L col ¢ in L;
If h # pswap L row h and L row p in L.
{ Now Lp,=a.}
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Subtract multiples of L col h from L col (h+1), L col (h+2), ..., L col k
to make L row h col [(h+ 1) : k] = 0. Also compute U row h col [(h+ 1) : k].

fori=h+1,...,k:

(2 <= Lpifa; Lp; <= 0; Up; — z3 for j=h+1,...,n: (Lj « Lj — zLj;p)).
Let w col (1:h)=0and w col ((h+1):k)=—[Lrow hcol (h+1):k)]/Lpn.
Define M}, = Gilh, w].

7. if h=n or h = k then (r < h; exit);
h «— h + 1; go to step 2.

At exit, this algorithm has determined the value r, the permutation matrices C1,...,C, and
Ry, ..., R, the restricted column-operation Gauss matrices M1, ..., M,, the lower-triangular ma-
trix L, the upper-triangular matrix U, and the vectors b and c¢ specifying permutations in trans-
position vector form; b corresponds to the m X n row-permutation matrix R, ---R; such that
R, --- Ry = I row perm(b)~!, where perm(b) denotes the permutation corresponding to the trans-
position vector b, and ¢ corresponds to the k& x k£ column-permutation matrix C7 - - - C). such that
C1---Cp = I col perm(c)~!, where perm(c) denotes the permutation corresponding to the trans-
position vector c. Assuming exact arithmetic, the value r = rank(A).

Exercise 1.22: Show that the matrix products R, --- Ry and My --- M, and Cy ---C, are all
products of elementary matrices.

Let P=R,---Ryandlet B=C{M;---C;M,. Let Q =Cy---C,. If r=0,take P=1, B =1,
and Q = I. We shall see that B~1'Q is the same matrix as the k x k upper-triangular matrix U
computed in the algorithm above.

The matrix P is an n X n row permutation matrix, B is a k X k non-singular matrix, Q) is a k x k
column permutation matrix, and the matrix U is a k X k non-singular upper-triangular matrix with
Uy =1fori=1,...,k. Also, the transposition vector b represents the inverse of the n-permutation
that the row-permutation matrix P represents, and the transposition vector c represents the inverse
of the k-permutation that the column-permutation matrix () represents.

Then R, --- RiAC1M; ---C,M, = L, so PAB = L, so PA = LB™!, so, with B~'Q = U, PAQ =
LB7'Q, and thus PAQ = LU.

The relation PAQ = LU is called an LU-decomposition for A. Given PAQ) = LU, we may determine
if the set of linear equations A = v is consistent, and if so, compute x such that xA = v as follows.

Note A = P7'LUQ™' = PTLUQT. Then 2A = v implies zPTLUQ™ = v implies zPTLU = vQ.
Let y = «PTL. Then yU = vQ. Since U is non-singular and upper-triangular, we can compute y
with back-substitution. Now recall y = 2 PTL. Let z = 2PT. Then y = zL.

If n = k and the lower-triangular matrix L is non-singular, we can compute z with back-substitution.

Otherwise, recall L is an n X k lower-triangular matrix with L = i( 8 where J is an r x r

non-singular lower-triangular matrix and K is an (n —r) x r matrix. If y col [(r + 1) : k] # 0, our
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equations are inconsistent and x does not exist. Otherwise we may take z,41 = 2,40 =+-- =2, =0
and solve for z1, ..., 2z in the triangular system of linear equations [z col 1 : 7]J = [y col 1 : r] via
back-substitution. Now z is determined, no matter what the value of r is.

Finally, we must appropriately permute the components of z = zPT according to the the permu-
tation matrix P to obtain x = zP. (In order to compute zP within z, we may use the following
algorithm. [for ¢ = r,7 — 1,...,1: swap z; with z,]. Also, in order to compute v@Q within v, we
may use the algorithm: [ for i = 1,2,...,7: swap v; with v, |.)

Exercise 1.23: Why is the recipe for computing zP different from the recipe for computing
vQ? Hint: P = R,---Ry and Q = Cy---C, where R; = I row transpose,(i b;) and C; =
I col transposer(j ¢j). We have zP = z(I row perm(b)~') = z(I col perm(b)) and vQ =
v(I col perm(c)™1).

We could construct permutation vectors b and c¢ representing the matrices P and @), rather than
constructing transposition vectors as is done in step 4 in the Gaussian elimination LU-decomposition
algorithm. We would do this by replacing ‘b;, < p’ with ‘Swap b;, with b,’ and replacing ‘cj, « ¢’
with ‘Swap ¢j, with ¢,’. This defines b and ¢ as products of transpositions, with P = I row b and
Q = I col ¢. Then PW is computed as W row b, WP is computed as W col b~ !, VQ is computed
as V col ¢, and QV is computed as V row ¢!, where W and V are arbitrary conformable matrices.

Exercise 1.24: How do we compute PTW, WPT VQT, and QTV for conformable matrices
W and V, given that the vectors b and ¢ are permutation vectors that correspond to the row-
permutation matrix P and the column-permutation matrix Q with P = I row band () = I col ¢?
Hint: P! = PT and Q' = Q".

Exercise 1.25: Show that zPTL = vB, and hence zL = vB where B = QU L.

Exercise 1.26: What is computed in the Gaussian elimination LU-decomposition algorithm
when the n x k matrix A = 0?7 What is computed when k = 1 and A = e}? What is the result
of the Gaussian elimination LU-decomposition algorithm when n > k? What is the result when
n < k?

Exercise 1.27: What is computed in the Gaussian elimination LU-decomposition algorithm
when the n x k matrix A is diag(v1,v2,. .., Vnin(n,k)) Where v; € R for i =1,...,min(n, k)?

Exercise 1.28: Show that if n = k and r = k, the linear equations tA = v are necessarily
consistent and have a unique solution.

Exercise 1.29: The value a computed in each iteration of the Gaussian elimination LU-
decomposition algorithm is called the pivot element of that iteration. Why do we seek the
largest magnitude element of L row (h :n) col (h: k) in step 2 to serve as the pivot element in
iteration h? Would determining any non-zero element of L row (h : n) col (h : k) suffice? Hint:

think about the round-off error in computing a difference of the form o — P here «, B, and v

a
are random values, usually of comparable magnitude. If a is very small in comparison to (3, then
ﬁ will be much larger than « and the difference will suffer a large loss in precision. By “loss
a
of precision” we mean that o — (a — ﬁ) computed in fixed-precision floating-point arithmetic
a



1

GAUSSIAN ELIMINATION 9

_ B

far from 1. (It is sums and differences of values of differing magnitudes that cause catastrophic
round-off error. See [Knu97] for a discussion of ideas to minimize round-off error.

V3

is very different from ﬁ, ie., [a — (a )]/[—] computed in floating-point arithmetic is
a a

Exercise 1.30: Show that R; = I row transposey(t,b;) and Cy = I col transposey(t, c;) where
b and ¢ are the transposition vectors computed in the Gaussian elimination LU-decomposition
algorithm. Also show that Cy = CF = C;! and Ry = Rf = R; .

Exercise 1.31: Let p = perm(b) and let ¢ = perm(c). Show that the transposition vectors b
and ¢ computed in the algorithm above determine the row permutation matrix P = R, --- R
such that P = I row p~! and determine the column permutation matrix Q = C; - --C, such
that Q = I col ¢~! respectively. Thus the matrices P and Q need not be explicitly computed.

Solution 1.31:

We have P = R, R,_1--- Ry = (I row transpose,(r b)) --- (I row transpose,(1 by)) =

I row (transposen(r b.) - --transpose,(1 by)) = I row p~! where the permutation p corresponds
to the transposition vector b = [by, b, ..., b,| with p = transpose, (1 by) - - - transposey(r b,) =
transposen(r by) | -+ | transpose, (1 by). (Recall u | v = wy = (U, Upyy -« -5 Uy, )-)

Thus the matrix P is the n x n row permutation matrix I row p~! where the n-permutation

p is determined by the transposition vector b via the algorithm: [p «— (1,2,...,n): for i =
r,r—1,...,1: swap p; with pp,] and the n-permutation p~! is then computed via the algorithm:
[fori=1,2,...,n: p;il — 1.

We have Q = C1Cy - -- C, = (I col transpose(1 c¢1))--- (I col transposey(r ¢,)) =

I col (transposer(r ¢,)- - -transposey(1 c1)) = I col ¢! where the permutation ¢ corresponds
to the transposition vector ¢ = [e1, co, ..., ¢, with ¢ = transposeg(1 ¢1) - - - transposeg(r ¢,) =
transposer(r ¢,) | -+ | transposer(1 c1).

Thus the matrix Q is the k x k column permutation matrix I col ¢~ where the k-permutation
q is determined by the transposition vector ¢ via the algorithm: [¢ «— (1,2,...,k): for i =
7,7 —1,...,1: swap ¢; with q.,] and the k-permutation ¢~! is then computed via the algorithm:
[for i =1,2,...,k: q;;" — .

Exercise 1.32: Let p be an n-permutation and let ¢ be a k-permutation. Show that
1

2(I row p~') = z col p and v(I col ¢~1) = v col ¢~ L.
Exercise 1.33: Show that J;; # 0 for 1 <4 < r and show that L is non-singular if and only
ifn=k=rand L=J.

Exercise 1.34: Show that if n = k then det(A) = L1y - Lag - - Ly, - det(P) - det(Q). Note,
det(P)-det(Q) is either 1 or —1. If we keep track of the number, ¢p, of non-identity transpositions
recorded in the transposition vectors b and ¢, we can determine the value of det(P) - det(Q) as
2 (tp mod 2) — 1.

Exercise 1.35: Show that each of the restricted Gauss matrices M1, ..., M, computed in the
Gaussian elimination LU-decomposition algorithm is an upper-triangular matrix.
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Note in practical application, none of the matrices C1,...,Cy, R1,..., R, or My,..., M, need to
be computed. They are effectively replaced by b, ¢, and U. Thus none of the bracketed operations
in the LU-decomposition algorithm need to be done.

Exercise 1.36: Show that |U;;| <1for1<i<j<k.

Exercise 1.37: When finite-precision floating-point arithmetic operations are used, the com-
puted rank r may be in error. Is the computed value r more likely to be an underestimate or an
overestimate? What is the probability that r is correct under suitable randomness assumptions?

It remains to demonstrate that the matrix U computed in the Gaussian-elimination LU-decomposition
algorithm is the same as the matrix B~1Q. We have

B7'Q = (C1MCsMy - - - O, M,) " *C1Cy - -- O = M 'Ot o7 et My et i Gy - Gy
or equivalently,

B™'Q = My (Cr (M (Cra (- (C3(My H(C2 My ' C2))C3)) - ) Cr ).

r—1

Recall that C; = C;° 1 = CZT is a k X k permutation matrix corresponding to a transposition
transposey(i,j) where i < j <r.

Now, let wp, be the k-vector such that M, = I + e;fwh. Recall that My, M>, ..., M, are restricted
Gauss matrices. For h = 1,...,7, we have (wp) col1 : h = 0 and (wp) col ((h+ 1) : k) =
—[L row h col ((h+1) : k)]/Lyp as computed in step 6. Then M, ' =TI — efwy,.

Now CQMI_ICQ = Oy(I — efw1)Cy = CoICy — (Czel ) (w1Ca) = I — ef (w1 C3). This follows because
the row permutation matrix Cy exchanges row 2 with row j where j > 2, so that Cye] = ei. And,
Cy =0yt 50 CoICy = 1.

Also note that since the column permutation matrix Cy exchanges column 2 with column j where
j > 2, we have w1C3 col 1 = (wy) col 1; thus (wyq) col 1 remains 0 and I — elT(wng) remains a
restricted Gauss matrix.

Next, My 1 (CoM;1Co) = (I —edws) (I —ef (w1 Ca)) = I — el (w1 Ca) — e3 ws, since e wae (w10s) =
kak- And thus, C3(M2_1(02M1_102))03 =1 — 6?(’11)10203) — 6’2T(w203).

Continuing in this manner, we finally obtain

B_lQ:I— Z e;-r(wiCHy--Cr).

1<i<r

But, [w;Ciq1---Cy] col (1:4) =0 and [w;Cit1---Cy] col ((i + 1) : k) is the final value of
U row i col ((i+1) : k) computed in the Gaussian elimination LU-decomposition algorithm above.
Thus B~'Q = U, where U row i = ¢; + w;Cjp1 - - Cy.

Exercise 1.38: Show that U is a k x k upper-triangular matrix, and show that diag(U) =
(1,...,1).
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When we have obtained r and L and U and P (or equivalently b) and @ (or equivalently ¢) such
that PAQ = LU, we can use the process described above to solve xA = v for any given right-side
vector v that admits a solution with two back-substitution steps, and two vector permutations.

Algorithmically, the process to solve tPTLUQT = v is:

1. Compute v «— v@ by permuting v according to the inverse of the permutation determined by
the transposition vector c.

2. Compute y such that yU = v by back-substitution.
3. If y col [(r+1) : k] # 0 then (‘A = v’ is inconsistent; exit.)
4. z col [(r+1):n] 0.

5. Compute [z col (1 : r)] such that [z col (1 : r)][L row (1 : r) col (1 : r)] = [y col (1 : r)] via
back-substitution.

6. Compute x « zP by permuting z according to the permutation determined by the transposition
vector b.

7. exit.

In detail, this is:

1. for i =1,2,...,r: swap v; with v,,.

2. fori=1,2,...,k: (ys—vyfor j=1,...,i—1:(y; — yi —Ujiy;)).
3. If y col [(r+1): k] # 0 then (‘zA = v’ is inconsistent; exit.)

4. zcol [(r+1):n] 0.

5. fori=rr—1,...,1: (g —y;forj=i+1,...,7: (2 — 2 — Ljizj); zi < 2/ Ls).
6. v« z;fori=r,r—1,...,1: swap x; with xy,.
7. exit.

Note this algorithm destroys the input righthand-side vector v.
Exercise 1.39: Show that we can dispense with the vector z in the algorithm above.
Exercise 1.40: Explain step 3.

Solution 1.40: When r < k, our k equations are linearly-dependent, if they are consistent.
In this case, L col [(r + 1) : k] = Oyx(—r), s0 the equations zL. = y are not satisfiable if
y col [(r+1) : k] is not 0, and hence does not match the left-hand-side vector (zL) col [(r+1) : k.

Exercise 1.41: Give the algorithm for solving Ay™T = w™T, given the LU-decomposition of the
n x k matrix A. Here y € R* and w € R™.
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If we wish to solve just the single system of equations x A = v, we may save some time by appending

. . C A .
v to A as A row (n+ 1), and then using Gaussian elimination to convert [ y to lower-triangular

J 0
form | K 0 | where the row [w u] is the result of processing v with Gaussian elimination. (The
woou

vector [w u] is equal to the vector y computed in step 2, above.) (Does this idea, in fact, save any
time?)

It is common to use the number of floating-point arithmetic operations (flops) as a measure of the
cost of a numerical algorithm.

The loop-structure of the version of the Gaussian elimination LU-decomposition algorithm given
above, not including the optional steps in brackets, is:

[for h=1,....m:{fori=h+1,...,k:{1flop}; for j=h+1,...,n:{2 flops}}]

where m = min(n, k). If m = k, the outer-loop is effectively [h = 1,...,m — 1]. If k > n, the
inner-loop: [j = h+1,...,n] is empty, and there are just k — n flops used in the h = m iteration.

Thus the total cost in flops, C, for the Gaussian elimination LU-decomposition algorithm applied

to a rank m n x k matrix is: Z Z 1+ Z 2| + dpmn(k —n).
1<h<m—1h+1<i<k h+1<j<n

And thus,

C = > |k=h+ D 2n—n)|+0m(k—n)

1<h<m-—1 h+1<i<k
= > [k=h+2(n—h)(k—h)]+ mn(k —n)

1<h<m-—1
= Y [(+2n)k+20" = h(1 420+ 2k)] + Smn(k — n)

1<h<m-—1
= (@+2nkm-1+2| > B =] > h|(1+2n+2k)+ 6mn(k—n)

1<h<m-—1 1<h<m-—1
3 2

= (14+2n)k(m—1)+2 [m? — %—i—%} — 1m(m—1)(1+2n+2k)+5mn(/€—n)

2
2 3 2 1 Lo o
= (1+2n)k(m—1)+ 3m —m +§m —a(m —m)(1+2n + 2k) + dpmn(k — n).

Whenn:k:m,wehaveC:%m3—§m — gm.

Note the number of flops used is not a very good indicator of the total cost of the Gaussian elim-
ination LU-decomposition algorithm, since there is a substantial cost in searching for a maximal-
magnitude pivot element in each iteration.
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Exercise 1.42: What is the maximum number of times we read an element of the matrix L,
given as a function of n and k, in the Gaussian elimination LU-decomposition algorithm above,
not including the optional steps in brackets?

Solution 1.42: Let m = min(n, k). Then the maximum number of L-reads is:
> n=h+1)(k—h+1)+1+2n+2k+ (k—h)(1+2(n—h))] =
1<h<m
m3 + 3(k —n+2)m* + 3[(n+2)(k + 3) — tk]m.

Exercise 1.43: How should we modify the Gaussian elimination LU-decomposition algorithm
to apply to complex matrices and vectors?

Exercise 1.44: Another way to compute z € R"™ such that xA = v, where A is an n X n
non-singular matrix and v € R"™, is to use the QQ R-factorization, or more precisely, its transpose,
the LQT-factorization. We may write A = LQT where here L is an n x n lower-triangular
rank n matrix and QT is an n x n orthogonal matrix with Q~' = QT. Then zLQT = v so
L = v@, and this is a triangular system of linear equations, and thus we can compute x via
back-substitution.

Recall that computing L and QT essentially involves applying the Gram-Schmidt procedure to
the rows of A, keeping each intermediate inner-product and the final set of orthonormal vectors
from which we form L and QT. Explain why this method for solving A = v is not competitive
with either direct Gaussian elimination or use of the LU-decomposition.

There are several modifications to the Gaussian elimination LU-decomposition algorithm given
above that are practically desirable in a computer program.

The first issue has to do with dividing by L. Because of round-off error and the possibility of
computing too-large or too-small values, we should use an overflow handler that either substitutes
the largest representable correctly-signed value in place of the unrepresentable overflowing value
(with a warning,) or declares our coefficient matrix to be indecomposable. Also, we should use a
machine with “soft” (unnormalized) underflow. Moreover the test “a = 0” in step 3 might usefully
be replaced by “|a|] < €”, where € is a small value near the smallest normalized positive value of the
machine. Note that the errors that arise in the various values of a due to round-off error means
that the computed value of the rank r may be incorrect.

In some cases we want to enforce a requirement that the n x k matrix A be of full-rank: rank(A) =
min(n, k). We can modify A if necessary to do this. In this circumstance, we may replace the
statement “if a = 0 then (r < h—1; exit)” in step 3 with “if |a| < € then (a < a+2-mv)”, where mv
is a small positive value [PTVF92]. Suitable choices for mv are the value € or e+min 4,, 0 | 4;;]/100.
(What is a suitable choice for €?) This device of forcing A to have full-rank is similar to the related
device of adding suitable constants to each diagonal element of an n x n matrix to force it to
be non-singular, and to improve its “condition” for processing by the Gaussian elimination LU-
decomposition algorithm. (Another way to improve the “condition” of the matrix A is to replace
A by AS and v by vS, where the k x k matrix S is a diagonal matrix that scales the j-th equation
x(A col j) = v; by the constant Sj; to obtain the equivalent equation z(A col j)S;; = v;Sj;.
Generally we want to choose the scaling factors Si1, S99, ..., Sk; to make each equation similar in
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“size”. For example, we could use S;; = 1/|A col j|, or Sj; = 1/ maxi<i<n |Ai;j|. Note this scaling
could be done within the Gaussian elimination LU-decomposition algorithm given above.)

The second issue has to do with efficiency. The Gaussian elimination LU-decomposition algorithm
given above processes the columns of A one-by-one; The processing of a single column consists
of permuting the rows and columns of A to bring a non-zero value to the diagonal position in
the column being processed (i.e., for column j, the diagonal position is row j of column j,) and
then scaling this column to introduce the value 1 as the diagonal position component, and finally,
subtracting multiples of the scaled column from other columns to “zero-out” the row or “tail” of
the row of that diagonal component.

The non-zero diagonal element (denoted by a in the Gaussian elimination algorithm) that we
scale to one is called the pivot element, and the process of “zeroing-out” the pivot-element row
off-diagonal elements is called pivoting (specifically tail-pivoting,) so the Gaussian elimination LU-
decomposition algorithm consists of min(n, k) tail-pivoting operations. (In general, in contrast to a
tail-pivoting step, a single full-pivoting step applied to a matrix A with respect to the pivot element
A;; is generally taken to be just the transformation effected by the post- or pre-multiplication of A
by the appropriate (non-restricted) Gauss matrix that converts A row i to ej, or alternately A col j
to e} when a “transposed” form of Gaussian elimination is used.)

In step 2 of the Gaussian elimination LU-decomposition algorithm, the search for the element with
the largest absolute value in the sub-array L row [h : n| col [h : k] is called a complete pivot search,
(or just complete-pivoting,) and the element L,, = a that is found is the pivot element at iteration h.
Using the element with the largest absolute value generally results in the best numerical “stability”
— we obtain close to the least practicable error in the resulting solution vector or vectors computed
based on the lower-triangular matrix L. However, complete pivot searching is time-consuming.
Nevertheless, if we want to guarantee the exact form of the matrix L specified above in the case of
a singular matrix, we need to use complete-pivoting or, at least, search for a non-zero element.

Exercise 1.45: Can we really guarantee we will get an (approximate) solution to A = v in
the case where A is non-singular by using the LU-decomposition algorithm given above, followed
by two back-substitution computations done in 64-bit floating-point arithmetic?

Solution 1.45: It depends on what the meaning of 'approximation’ is.

When all we care about is computing the unique solution to A = v when it exists, then there
is a practical compromise called cross-row partial pivot search, (or just cross-row partial pivoting,)
where we replace the pivot-value search in step 2 with: “Determine the index p € {h,...,n} such
that |Lpn| = mazp<i<n|Lin|.”, and then take a = Ly, in step 3. Much experience has shown
that partial-pivoting is almost always stable and it is much less costly than complete-pivoting.
When the matrix A is non-singular, partial pivoting will generally succeed in stably computing the
LU-decomposition.

Exercise 1.46: Show that when cross-row partial-pivoting is used, the permutation matrices
C4,...,C, will all be the k x k identity matrix 1.

We could also replace the pivot-value search in step 2 with: “Determine the index g € {h,...,k}
such that |Lpe| = maxp<i<i|Lni|.”, and then take a = Ly, in step 3. In this case, the permutation
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matrices Ry,..., R, will all be the n x n identity matrix. We shall call this variant of partial-
pivoting, cross-column partial pivot search. When A is non-singular and cross-column partial-
pivoting is used, we have AC1M;---C.M, = L, and L;; # 0 for 1 < i < n. Note, in this case,
we are, in essence, changing the basis of rowspace(A) by multiplying by the change-of-coordinates
matrix C1 My - - - C. M, to obtain a “lower-triangular” basis for rowspace(A).

Exercise 1.47: Why must A be non-singular to ensure that AC1 M --- C,. M, = L is obtained
with cross-column partial-pivoting?

Exercise 1.48: When can we avoid searching for a pivot value entirely, i. e. when can we
replace step 2 with “p < h;q <+ h.”? (Does it suffice for A;; to be non-zero for 1 < i < n?)

Exercise 1.49: Can we save any time by searching for the next pivot value in L row ((h+1) :
n) col ((h+ 1) : k) while we are subtracting suitable multiples of L row ((h+ 1) : n) col h from
Lrow ((h+1):n)col (h+1): k) in step 6, and not using step 2 after the first initial pivot
value is determined?

Solution 1.49: Probably we can obtain a constant-factor speed-up. The exact improvment
depends on how good a coder you or your compiler is. But the maximum running time of the
LU-decomposition algorithm remains O(min(n, k)3).

Y

Finally, by dropping the assignment “U « Ipx;” in step 1 and replacing the commands “Ljp; «—
0; Up; «— 27 with “Lp; «— 2”7 in step 6, we can save space in the Gaussian-elimination LU-
decomposition algorithm by storing the elements U;; for 2 < i < min(n,k) and i < j < k in
the strictly-upper-triangular part of the matrix L (which would otherwise be 0) as it is being
formed; Uj; is known to be 1 for ¢ = 1,...,k, U;; is known to be 0 for 2 < i > j < k, and
Urow (n+1 : k) = [Ogp—nn Ik—nk—n) when n < k. Thus the k x k matrix U need not be ex-
plicitly created as a separate array. (Note, if we do not save U in the upper-triangle of L, then
we can save a little time by replacing the statement “Swap L col h and L col ¢ in L” with “Swap
Lrow h:ncol hand L row h:n col gin L”.

The “access” function for the elements of the matrix U stored in the upper-triangular part of L as
described above is:

[U(i,j) = if (i > j) return(0) else if (i = j) return(1) else if (¢ > n) return(0) else return(L;;)].
(This algorithm assumes 1 <i¢ < kand 1 <j <k.)

Exercise 1.50: Explain how we can store an n x n lower-triangular matrix, L, in n(n +1)/2
locations: mem/[0 : n(n+1)/2—1] so that we can access the matrix element L;; with the program

[if (i < j) return(0); k «— (@ _21)1

function for an n x n upper-triangular matrix stored in n(n + 1)/2 — 1] locations.

+ j — 1; return(mem[k]).] Give the corresponding access

The LU-decomposition PAQ = LU for a given n X k matrix A is trivially unique in the sense that
application of the complete-pivoting Gaussian elimination LU-decomposition algorithm executes a
unique sequence of computations (assuming a systematic method of resolving ties in pivot searches
is used.)

The question remains as to whether there are more than one pair of lower- and upper-triangular
matrices L and U of the forms produced by the Gaussian elimination LLU-decomposition algorithm
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such that A = PTLUQT where the permutation matrices P and @ are produced in the Gaussian
elimination LU-decomposition algorithm applied to the matrix A with P and @ fized to correspond
to any specific admissible choice of the sequence of pivot elements.

We can see that it is plausible that this factorization is unique when n = k as follows. Let
rank(A) = r. Now consider the LU-decomposition PAQ = LU with A given and the admissible
permutation matrices P and @ fixed. We have rn — (r — 1)r/2 elements of L to be determined,
and (k—1)k/2 elements of U to be determined (remember diag(U) = (1,...,1).) We have nk non-
linear equations relating these rn — (r — 1)r/2 + (k — 1)k/2 values. Assuming these nk equations
are independent, the rn— (r —1)r/2+ (k—1)k/2 values defining the matrices L and U are uniquely
determined when 2rn — (r — 1)r < 2kn — (k — 1)k. And since r < min(n, k), this is always the case
when n = k.

Exercise 1.51: Show that for any fixed sequence of pivot elements determining the permu-
tation matrices P and @, the LU-decomposition PAQ = LU, with diag(L) = (1,1,...,1), is
unique when the matrix A is non-singular. Hint: assume PAQ = LiU; and also PAQ = LoUs
and deduce that L1 = Ly and Uy = Us.

Exercise 1.52: Suppose we have two LU-decompositions: P;AQy = L1U; and also P,AQs =
LoUs. Show that PgPlT LlUlQlTQg = LyU,. Explain what this means about the uniqueness of
the LU-decomposition of A.

Suppose rank(A) = r. Due to round-off error, it can be unlikely that we will see L;; = 0 for
j=r+1,...,min(n, k). The best we can do is to estimate the rank of A by treating small absolute
values of diag(L) as zero. What “small” should be is a complicated matter. A choice independent
of the elements of the matrix A might be the “precision” p of our computer (p is the largest value
such that 1 =1+ p in floating-point.)

Exercise 1.53: Can we guarantee that Lj; # 0 for j = 1,...,rank(A) when the Gaussian
elimination LU-decomposition algorithm is executed with fixed-precision floating-point arith-
metic?

Let A be an nx k rank r matrix, and consider the LU-decomposition PAQ = LU. We can transform
this relation to write QTATPT UTLT. Note LT is upper-triangular and U7 is lower-triangular
with diag(UT) = (1,...,1). We can “reshape” this relation to obtain the LU-decomposition of AT
as follows.

Suppose r < n < k. Then LT is a k x n matrix with LY row (r +1) : k =0 and Ut is a k x k
lower-triangular matrix with diag(UT) = (1,...,1). Let U = LT row 1: n; U is just LT with k—n
zero-rows removed, so U is an n X n upper- trlangular matrix. Let L = U T col 1:n; L is just UT
with columns (n+1) : k removed, so L is a k x n lower-triangular matrix with diag(L) = (1,...,1).
Now by examining a block-multiplication, we can see that UTLT = LU.

Exercise 1.54: Write-out the block-multiplication which verifies that UTLT = LU in the case
where r <n < k.

JT T

Wehaveﬁ—{o 0

] with U row (r 4+ 1) : n = 0; thus we may take L col (r + 1) : n to be
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0, and then take U row (r 4+ 1) : n col (r 4+ 1) : n to be I(y—r)x(n—r), and the product LU remains

unchanged. Now U is an n x n upper-triangular matrix with U; # 0 for 1 < ¢ < n, so U is
non-singular.

LT
0
appended n—k zero-rows to LT to form U. Define the kxn lower-triangular matrix L= [ Ut o ] ;

Now suppose 7 < k < n. Then define the n x n upper-triangular matrix U= [ ]; we have

we have appended n — k zero-columns to U™ to form L. Again, by examining a block-multiplication,
we can see that UTLT = LU. Also we can “transfer rank” from L to U in the same way we did
before. We can replace L col (r + 1) : k with 0, and then replace U row (r+1) :ncol (r+1) : n
with I(;,_p)x (n—r)- Now we still have LU = L™UT and U is now an n x n upper-triangular matrix

with Uy # 0 for 1 < i < n, so U is non-singular. And L is a k x n lower-triangular matrix with

A

LiizlfOI‘lS’L'ET.

Exercise 1.55: Write-out the block-multiplication which verifies that UTLT = LU in the case
where r < k < n.

Thus, whether £ < n or k > n, the matrix product LU satisfies the criteria for being an LU-

decomposition factorization, except that we do not necessarily have diag(U) = (1,...,1). But we
do have U;; # 0 for 1 < i < n, so we can fix our factorization as follows.

A~

Let the n x n diagonal matrix D = diag(U). Now define L = LD and define U = D~*U. This
makes diag(U) = (1,...,1) and makes diag(L row 1 : r) = diag(D row 1 : 7). Since Dj; # 0 for
1<i<n,wehave Ly #0 for 1 <i<r. Also LU = LDD~'U = LU. Thus, if PAQ = LU is an

LU-decomposition of A, then QT ATPT = LU is an LU-decomposition of AT.

As a practical matter, for the purpose of solving systems of linear equations, we need not insist on
a particular form of LU decomposition. The essential feature we require is just that we can write
PAQ = LU for the matrix A where P and () are permutation matrices and L and U are triangular
matrices. When this is the case, we can solve the equations 24 = b or Az = b" by two back-
substitution computations together with the associated permutations specified by the matrices P
and (), in the situation where A is non-singular.

Note the Gaussian elimination algorithm given above can be “transposed” and recast to zero-
out the “tail” parts of successive columns by subtracting suitable multiples of successive pivot
rows. In this case, we construct an upper-triangular matrix in the (copy of the) input matrix
A, and concommitantly construct a lower-triangular matrix of pivot-element-scaled values with
an implicit diagonal of ones. This version of the Gaussian elimination algorithm performs row
operations and is equivalent to multiplying A on the left by certain restricted Gauss matrices (and
by pivot-positioning permutation matrices on both the left and right.) Therefore, just as in the
column-operation algorithm, we obtain a factorization of the form PAQ = LU, where it is now the
matrix L that is the non-singular factor with diag(L) = (1,...,1).

Exercise 1.56: Write the row-operation version of the Gaussian elimination LU-decomposition
algorithm.

Solution 1.56:
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LU-Decomposition by Row-Operation Gaussian Elimination with Complete-Pivoting:
input: n x k matrix A, n>1, k> 1.
output: L,U,b,c,r,R1,...,R.,Cq,...,C,, My,..., M,

1. U—A;h—1; L Inxn; b—(1,2,...,n); c— (1,2,...,k).
2. Determine indices p € {h,...,n} and ¢ € {h, ..., k} such that |U,q| = max)<;<,|Ui;]|.
h<j<k
3. a <« Lyg; if a =0 then (r — h — 1; exit).
4. bh <~ P; Ch < (.
Let u = transposey(h, q). Define Cy = I col u.
Let u = transposey,(h,p). Define R, = I row u.
5. If h # q swap U col h and U col ¢q in U;
If h # p swap U row h and U row p in U.
{ Now Uhh = a.}
Subtract multiples of U row h from U row (h+ 1), U row (h+2), ..., U row n
to make U col h row [(h+ 1) : n] = 0. Also compute L col h row [(h+ 1) : n].
fori=h+1,...,n:
(z = Un/a; Uy, — 05 Ly, — z; for j =h+1,...,k: (U «— Uy — 2Up;)).
Let w col (1:h) =0and w col (h+1):n)=—[U col hrow ((h+ 1) : n)]/Upnp.
Define Mj, = Gp[h, w]T.
7. if h=n or h = k then (r < h; exit);
h «— h+1; go to step 2.

At exit, this algorithm has determined the value r, the permutation matrices Cy,...,C, and
Ry, ..., R, the row-operation Gauss matrices M, ..., M,, the lower-triangular matrix L, the
upper-triangular matrix U, and the permutations b and c¢ in transposition vector form that
correspond to the permutation matrices P = R, R,_1--- Ry and Q = C;Cs - - - C,..

The value r is the rank of the matrix A (assuming exact arithmetic.) The matrices Ry, ..., R,
are n X n transposition permutation matrices, the matrices C1,...,C, are k X k transposition
permutation matrices, and the matrices Mi,..., M, are n X n restricted row-operation Gauss
matrices.

The matrix L is a non-singular n x n lower-triangular matrix with diag(L) = (1,...,1) and
K

0
non-singular upper-triangular matrix and K is an (k — r) X r matrix such that

the matrix U is an n X k upper-triangular matrix of the form [ }, where J is an r X r

MR, ---MiR1AC,---C, =U and R, ---RjAC,---C, =LU = PAQ.
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As with the column-operation version, the outputs L, U, b, ¢, and r are the only essential outputs.
Moreover, the variable part of the strictly-lower-triangular part of L can be returned in the strict
lower-triangle of the matrix U, thus saving space.

Exercise 1.57: Let B = M,R,---MjR;, let P = R,---R1, and let Q = C;---C}, where
M,,...,My, R.,...,R1, and C4,...,C, are produced by the LU-decomposition row-operation
Gaussian elimination algorithm given above. Show that B is non-singular. Let L = PB~!.
Show that L is an n x n non-singular lower-triangular matrix with diag(L) = (1,...,1).

Exercise 1.58: Give the algorithm for solving the linear system xA = v, given the row-
operation LU-decomposition of the matrix A.

Exercise 1.59: Can you construct a column-operation version and a row-operation version of
the Gaussian elimination LU-decomposition algorithm which scan along the main-diagonal of
the input matrix “backwards” from lower-right to upper-left?

Exercise 1.60: Let PAQ = LU be an LU-decomposition of the n x k matrix A computed
by the column-operation version of the Gaussian elimination algorithm. Show that, if we apply
the row-operation version of the Gaussian elimination algorithm to the & x n matrix AT using
the same choice of pivot-elements that correspond to the row and column permutation matrices
being identical to the transposes of the column and row permutation matrices () and P, then
the LU-decomposition we obtain is identical to the decomposition UT LT which we considered
above.

Exercise 1.61: Let G = H Enlryi,—Ai] | Enfr,r,—1+ AL]’ where A is an n X n matrix
1<i<n re
T
with A,. # 0. What is the matrix product GA?
Exercise 1.62: Given the n x k rank r matrix A, suppose we have the LU-decomposition
PAQ = LU. Describe how we can easily obtain the decomposition A = FGT where F is
an n X r rank r matrix with linearly-independent columns, and G is a k x r rank r matrix
with linearly-independent columns. (Recall that this decomposition is the starting point for
constructing the Moore-Penrose pseudo-inverse matrix A™.)

Exercise 1.63: Suppose A is an n X n non-singular matrix. Explain how to use the LU-
decomposition PAQ = LU to compute A~!. Hint: look at A=A = I as n sets of linear
equations: A =eq,...,zA = e,.

Exercise 1.64: Explain how to use the LU-decomposition of the n x n non-singular matrix A
to efficiently compute the matrix product BA~! where B is a given k x n matrix. Hint: consider
solving x;A = Browifori=1,... k.

We stated above that when the n x n matrix A is non-singular, use of cross-column partial-pivoting
ensures that we can write AC1 M ---C.M, = L, where L is an n X n non-singular lower-triangular
matrix (so that L; # 0 for 1 <i <n.)

By multiplying at most v := n(n + 1)/2 particular non-singular elementary matrices on the right



1 GAUSSIAN ELIMINATION 20

of L, the non-singular matrix L can be reduced to the n x n identity matrix. These elementary
matrices Hy,...,H, are chosen to effect the same transformations as achieved by the following
program: [for i =n,n—1,...,2: (for j =1,2...,0 —1: (Lsj < Lij — (Lij/Lsi)Lii));

Exercise 1.65: Let 1 < j < i < n. Show that the elementrary matrix that zeros L;; is
E,li,j,—Lij/Li). Then show that for 1 < k£ < n(n — 1)/2, the elementary matrix Hj, is
Enli,j,—Lij/Li;) where i = p+1 and j = s—i(i—1)/2 with s = 14+n(n—1)/2—k and p = [v/2s].
(Also, for n(n —1)/2+1 <k <n(n+1)/2, H, = E,[r,r, L.} — 1] where r = k —n(n — 1)/2.)

Thus AC1My---C.M.Hy---H, = I, so A7l = CiMy---C.M,.Hy---H,

and A=H; - -H'C'H M7 'Ct - MOt Note that Hy Y. Hy Y MY o MY and
Ccy Lo ,C~1 are all elementary matrices or products of elementary matrices; thus A is written
as a product of elementary matrices. (What is the minimum number of elementary matrices that

must be multiplied to guarantee that any non-singular matrix can be produced?)

Exercise 1.66: Let A be an n xn non-singular matrix. Show that application of the algorithm
below to the matrix A exits at step 7 and that, at exit, B is indeed A™!.

1. h<—1; B+« I,xn.
2. a«0;fori=nh,...,n: if (Ap; #0) then {a «— Ap;; ¢ < i; goto step 3}.
3. if a = 0 then exit(“A is singular.”).
4. if (¢ # h) then {swap A col h and A col ¢ in A; swap B row h and B row ¢ in B; }.
5. Acol h — (A col h)/a; B col h «— (B col h)/a.
6. fori=1,...,n:
if (i # h) then {A col i < (A col i) — Ap;(A col i); B col i < (B col i) — Ap;(B col i)}.
7. if h = n then exit(“B = A=),

8. h «+— h+1; go to step 2.

Exercise 1.67: Can any n X m matrix, not necessarily non-singular, be represented by a
product of elementary matrices, as defined here?

Exercise 1.68: Let A be an n X n symmetric matrix. Show that there exists a non-singular
matrix F such that FAFT is a diagonal matrix of the form diag(1,...,1,—1,...,—1,0,...,0)
where there are s ones, followed by so minus-ones, followed by s3 zeros, with s; > 0, so > 0,
s3 > 0, and s1 + s2 + s3 = n. Hint: Let B denote the matrix CyMj --- C.M, in the identity
AC{ My ---CrM, = L expressing the reduction of A to lower-triangular form via cross-column
partial-pivoting. Now express B as a product of elementary matrices Ey --- FoFy. Then define
FT = BS{ ... ST where S; = Ey,[i,1, |LZ-Z-|1/2 — 1]. The values sj, s2 and s3, are symmetric-
congruence invariants; that is, if A and X are congruent n X n symmetric matrices, then
(s1,52,s3) for A is the same as (s1, s2, s3) for X.

There is an often helpful device called iterative improvment [PTVF92] for improving our solution
x for tA = v obtained using the LU-decomposition of A. The idea is as follows. Suppose we
have an approximate solution y with y = x + d, where d is the error in the vector y. Then
yA = (z + d)A = v + ¢ where ¢ = dA = yA — v. Thus we can compute the error d by solving
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for d in dA = yA — v (and we can do this using the already-obtained LU-decomposition of A.)
Then y — d is an improved solution to A = v (although generally still approximate when ordinary
floating-point arithmetic is used.)

Although computing one error vector is usually sufficient (and, indeed, if the vector d that we
compute is very small, it need not be used at all,) we can repeat this process until the error vector
is suitably small, e.g., until max;<j<, |d;| < p-maxj<j<y |y;| where the “precision” p is the largest
floating-point value such that 1 4+ p = 1 in machine arithmetic. (On a 64-bit IEEE floating-point
machine, p = 2753,

Exercise 1.69: Is it possible for iterative improvment to diverge? That is, is it possible that
y —d is a worse solution to zA = v than y itself is? Hint: the LU-decomposition of A is generally
inexact.
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