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1 Gaussian Elimination

Solving a set of linear equations arises in many contexts in applied mathematics. Indeed, a claim
can be made that solving sets of linear equations (generally as a component of dealing with larger
problems like partial-differential-equation solving, or optimization, consumes more computer time
than any other computational procedure. (Competitors would be the Gram-Schmidt process and
the fast Fourier transform computation.)

Often the subject of linear algebra is approached by starting with the topic of solving linear equa-
tions, and Gaussian elimination methodology is elaborated to introduce matrix inverses, rank,
nullspaces, etc.

We have seen above that computing a preimage vector € R™ of a vector v € R* with respect to

the n x k matrix A consists of finding a solution (z1,...,x,) to the k linear equations:
Apxy + Anxe + -+ Apizy, = 1
Ajgxy + Az + - + Apaxy, = 2
Ajpxr + Agpo + -+ Appzy, = V.

This corresponds to A = v.

If v € R* — rowspace(A) then there are no solutions z; the equations xA = v are inconsistent. For
example, [1x1 + 2z9 = 0,221 + 429 = 1].
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If nullspace(A) = {0} and v € rowspace(A), then there is a unique solution z = vA™, where the
k x n matrix AT is the Moore-Penrose pseudo-inverse matrix of A. Necessarily k > n; in case n = k,
A is non-singular and A* = A7! so 2 = vA~!. The vector vAT always belongs to colspace(A)
regardless of the choice of v or the dimension of nullspace(A).

If dim(nullspace(A)) > 0 and v € rowspace(A), there is a dim(nullspace(A))-dimensional flat of
solutions z. The vectors in nullspace(A) + vA+T C R™ comprise all the solution vectors, z, that
satisfy A = v.

In general, the matrix A% A is the k x k projection matrix onto rowspace(A) C RF, and for any
vector v € RF, the vector vA™T is the unique vector in colspace(A) such that |v —vA* A| is minimal;
moreover vA™ is the shortest minimizing vector in R".

We often wish to determine which of these cases hold for a given n x k matrix A and a given
right-hand-side vector v € R*, and when v € rowspace(A), we wish to compute the solution vector
x = vAT without the expense of computing the Moore-Penrose pseudo-inverse matrix AT. The
classic step-wise approach to computing x is to add a multiple of one equation to another at each
step until the system of equations is reduced to a form which is easy to either solve or to see that no
solution or no unique solution exists. This process is called Gaussian elimination, since we generally
alm to eliminate successive variables from successive equations by simple algebraic modifications
as was proceduralized by C. F. Gauss.

The form that is most commonly sought is a triangular system of equations. We will usually only
need to deal with such a triangular system in the case where n = k and we have a unique solution
vector x, i.e. where we have a consistent system of equations with n = k, and the matrix of
coefficients is non-singular. In this case, we can obtain:

Lz + Loiza + -+ 4+ Lp_11Tp—1 + Lpizn = U
Lasxs + -+ + Lp_12Tp-1 +  Lpowy, = Y
Ln—l,n—lxn—l + Ln,n—ll'n = Yn-1

Lpnzn = Un

This corresponds to xL = y where L is an n X n lower-triangular matrix. Let us assume there is a
unique solution, so L must be non-singular, and thus L;; is necessarily non-zero for i = 1,...,n. If
we have such a triangular form, then we have one equation involving just z,,, one involving just x,,
and z,_1, and so on, and it is easy to compute the solution vector x. The process of computing
the solution is called “back-substitution.” An algorithm for back-substitution is given below.

fori=nn—1,...,1: (z; —y; for j=i+1,...,n: (x; — x; — Ljjz;); z; < x;/Ly)).

Exercise 1.1: State the back-substitution algorithm that applies when we have a non-singular
n X n upper-triangular matrix U with xU = y, so that we have one equation involving just x1,
one involving just z; and x2, and so on.

In matrix form, adding a multiple of one equation to another consists of adding a multiple of one
column of A to another, and at the same time adding that multiple of the same (single element)
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column of v to the other corresponding (single element) column of v. (We manipulate columns
rather than rows because we take vectors to be rows rather than columns and we apply matrices
to vectors by multiplying on the right.) This can be nicely organized, when desired, by appending
v to the matrix A as an additional row.

Adding a multiple of one column of a matrix to another column can be effected by multiplying on
the right by a suitable elementary matrix E. Define Fy[i, j, o] to be the k x k matrix I + ae'jrei
where e; is the k-vector (0,...,0,1,0,...,0) with each component equal to 0 except component
j which is 1. Now, for any k-column matrix A, AEL[i, j,a] is the same matrix as A except that

column ¢ is replaced by (A col i) + «(A col j).

Exercise 1.2: Show that e;rei is the k x k matrix each of whose elements is 0 except component
[7,4] which is 1.

Exercise 1.3: Show that E.[i, 7, ]t = E[j,4,a]. Thus the transpose of an elementary matrix
is an elementary matrix.

Exercise 1.4: A suitable comformable elementary matrix can also be used to add a multiple
of a row of an n x m matrix A to another row of A. Show that E,[i, j, @] A is the same matrix
as A except that row j is replaced by (A row j) + (A row i).

Exercise 1.5: Show that Ey[i,i,a — 1] = I except the [i,i] element is o. Show that B =
AFE}Y[i, i, — 1] has the same columns as A except B col i = a(A col 7).

Exercise 1.6: Show that, if & = 0 or i # j then Ei[i,j,a]™t = Ei[i,j, —a], if a # —1 and
i = j then Ei[i,j,a]™' = Ei[i,i,—a/(1+ )], and if = —1 or i = j then Ey[i, j, o] is singular.

Exercise 1.7: Let the k x k matrix S = FEg[i,j, —1|Eg[j, i, 1|Eg[i, j, —1] Ex[i, i, —2], where
1<i<kand1l<j<kwith ¢ # j. Show that B = AS has the same columns as A except
B coli= Acol jand B col j = A col i, where i # j. What does right-multiplication by S do
if § = 57

Recall that transposey(i, j) denotes the permutation (1,...,7,...,4,...,k) where component t = t,
except component ¢ = j and component j = ¢. The k x k column permutation matrix corresponding
to transposeg(i, j) is the matrix I col transposeg(i,j); from the exercise above, this is:

Ex[i,j, —1|Ey[j,1, 1) Ex[i, j, — 1] Eg[i, i, —2] when i # j. The n x n row permutation matrix corre-
sponding to transpose, (i, j) is the matrix I row transpose,(i,j); when i # j, this is the matrix
(Enli, j, —1)Enlj, i, 1 En[i, j, =1 Ey[i, i, —2])T. When i = j, I col transposey(i,i) = Ey[i,i,0] and
I row transposey (i, i) = Eyli, ,0].

Note that since transposition permutation matrices can be expressed as a product of elementary
matrices and every permutation can be expressed as a composition of transpose permutations, any
permutation matrix can be expressed as a product of elementary matrices.

It is convenient to define the k x k matrix G[i,w] = I + e} w, where w € RF¥. The matrix Gy[i, w]
is called a Gauss matrix. Note (AGy[i,w]) col j = (A col j) + w;(A col i) for 1 < j < k where
colsize(A) = k.

Exercise 1.8: Show that Gy[i,w] = Eg[1,i,w1|Ek([2,i,wa] - - - Ex[k, 1, wg].
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Exercise 1.9: Show that the matrices Ex[1,i,w1],..., Egli — 1,4, w;_1], Ex[i, i, w;],
Exli + 1,i,wit1), ..., B[k, 1, w;] commute with one-another.

Exercise 1.10: Show that if w; = 0, then Gli,w]™ = Gili, —w] = I — el w.
Exercise 1.11: Let A be a k x m matrix. Show that (G[i,w]TA) row j = (A row j) +
w;(A row 7).

Exercise 1.12: Let A be a k X k matrix with A,; # 0.

_Ar _Ar i— 1- Am' _Ari _Ar . .
! il it *|. What is (AGk[i, v]) row r?

Let v =
v Am’ ’ Ari ’ Ari ’ Am’ ’ ’ Ari

The matrix Gg[h,w] can be used to convert the last h — 1 components of a k-vector to 0, when
component h of the vector is non-zero.

Let a = (a1,a2,...,a;) with ap # 0. Take w = (0,...,0,0,—ap+1/an, —apt2/an, ..., —ar/ap).
Then aGglh,w| = (a1,a2,...,a4,0,...,0). We use only this form of Gauss matrix below; thus we
shall henceforth consider only restricted Gauss matrices G[h,w] where w col (1: h) = 0.

Exercise 1.13: Take s € {1,...,k} and let vy, ..., vs be vectors in R¥ such that (vy,) col (1 :
h) =0 for h =1,...,s. Let M}, = Gglh,vp] be the indicated restricted Gauss matrix. Show
that MiMy--- My =1+ Zlgigs efv; and also show that (MyMy--- Ms)™t =1 — Zlgigs elv;.

Hint: show that (e;rvi)(eijj) =0 when ¢ > j (and (v;) col (1:47) =0).

We can transform an n x k matrix A into a lower-triangular or diagonal form by multiplying by
suitable permutation matrices and restricted Gauss matrices appropriately on the left and on the
right of A. Gaussian elimination can be systematized and cast in a more general form by considering
an associated matrix factorization called LU-decomposition [GV89]. Again, by multiplying by
suitable permutation matrices and restricted Gauss matrices appropriately on the left and on the
right of A, we can obtain the complete LU-decomposition of the n x k matrix A.

Let r = rank(A). We will give an algorithm below based on the complete pivoting algorithm in
[GV89] that determines n xn transposition permutation matrices Ry, ..., R, and k x k transposition
permutation matrices C'y, ..., C, and k x k Gauss matrices M1, ..., M,, and an nx k lower-triangular
matrix L and a non-singular k£ X k upper-triangular matrix U such that

R, - -RWAC M, ---C,M, =L and R, ---R/AC---C, =LU.

0
K 0

non-singular lower-triangular matrix and K is an (n —7) X r matrix.

The matrix L is an n X k lower-triangular matrix of the form [ ], where J is an r X r

LU-Decomposition by Gaussian Elimination with Complete Pivoting:
input: A, n>1k>1.
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output: L,U,b,c,7,Ry,..., R, Cq,...,Cp, My,..., M,

1. L—A;h—1;U «— Ipug; b— (1,2,...,n); ¢ — (1,2,..., k).
2. Determine indices p € {h,...,n} and ¢ € {h, ..., k} such that |L,q| = max)<;<,|Lij;|-
h<j<k

3. a« Lyg; if a =0 then (r — h — 1; exit).

4. by p; cp —q.

Let u = transposeg(h,q). Define C, = I col u.
Let u = transpose,(h,p). Define Ry, = I row u.

5. Swap L col h and L col g in L;
Swap L row h and L row p in L.
{ Now th = a.}
Subtract multiples of L col h from L col (h+1), L col (h+2), ..., L col k
to make L row h col [(h+ 1) : k] = 0. Also compute U row h col [(h+ 1) : k].
fori=h+1,....k:
(2 <= Lpifa; Lp; < 0; Up; — z; for j=h+1,...,n: (Lj; < Lj; — zLj3)).
Let w col (1:h)=0and w col (h+1):k)=—[Lrow h col (h+1):k)]/Lpp.
Define My, = Glh, w].

7. if h =n or h =k then (r < h; exit);
h «<— h+ 1; go to step 2.

At exit, this algorithm has determined the value r, the permutation matrices C1y,...,C, and
Ry, ..., R,, the Gauss matrices My,..., M,, the lower-triangular matrix L, the upper-triangular
matrix U, and the permutations b and c in transposition vector form.

Exercise 1.14: Show that the matrix products R, --- Ry and My --- M, and Cy ---C, are all
products of elementary matrices.

Let P=R,---Ryandlet B=CM;---C,M,. Let Q =Cy---C,. lf r=0,take P=1, B=1,
and Q = I. Finally, let U = B~!(Q; this is the matrix U computed in the algorithm above.

The matrix P is an n X n permutation matrix, B is a k X k non-singular matrix, Q) is a k x k
permutation matrix, and the matrix U is a k X k non-singular upper-triangular matrix with U;; = 1
fori=1,...,k. Also, b represents the same n-permutation as the row-permutation matrix P, and
c represents the same k-permutation as the column-permutation matrix Q).

Then R, ---R{ACiMy---C,M, = L, so PAB = L, so PA = LB, so PAQ = LB~'Q, so
PAQ = LU.
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PAQ = LU is the so-called LU-decomposition for A. Given PAQ = LU, we may determine if the
set of linear equations xA = v is consistent, and if so, compute = such that zA = v as follows.

Note A = P7'LUQ™' = PTLUQT. Then 2A = v implies zPTLUQ™ = v implies zPTLU = vQ.
Let y = PTL. Then yU = vQ. Since U is non-singular and upper-triangular, we can compute y
with back-substitution. Now recall y = 2 PTL. Let z = 2PT. Then y = zL.

If n =k and L is non-singular, we can compute z with back-substitution. Otherwise, recall L is an
J

K 0
matrix and K is an (n —r) X r matrix. If y col [(r+1) : k] # 0, our equations are inconsistent and
x does not exist. Otherwise we may take 2,41 = 2,42 = -+ = 2z, = 0 and solve for zp,...,2, in
[z col 1:7]J = [y col 1:7] via back-substitution.

n X k lower-triangular matrix with L = [ } where J is an r X r non-singular lower-triangular

Finally, we must appropriately permute the components of z according to the the permutation
matrix P to obtain 2 = zP. (In order to compute 2P within z, we may use the following algorithm.
[for i =r,r—1,...,1: swap z; with z, |. Also, note that in order to compute v@ within v, we
may use the algorithm: [for ¢ =1,2,...,7: swap v; with v,,].)

Exercise 1.15: What is computed in the Gaussian elimination LU-decomposition algorithm
when the n x k matrix A = 0?7 What is computed when k = 1 and A = e1? What is the result
of the Gaussian elimination LU-decomposition algorithm when n > k? What is the result when
n < k?

Exercise 1.16: What is computed in the Gaussian elimination LU-decomposition algorithm
when the n x k matrix A is diag(vi,va,. .., Vmin(n,k))?

Exercise 1.17: Show that if n = k and r = k, the linear equations tA = v are necessarily
consistent and have a unique solution.

Exercise 1.18: Why do we seek the largest magnitude element of L row (h : n) col (h : k)
in step 27 Would determining any non-zero element of L row (h : n) col (h : k) suffice? Hint:
think about the round-off error in computing a quotient b/a.

Exercise 1.19: Show that L is non-singular if and only if n =k =r and L = J.
Exercise 1.20: Show that if n = k then det(A) = Li1 - Lag -+ L.

Exercise 1.21: Show that R; = I row transpose,(t,b;) and C, = I col transposey(t, c;) where
b and ¢ are computed in the Gaussian elimination LU-decomposition algorithm. Also show that

C,=Cr=0;"and R, = Rf = R

Exercise 1.22: Show that the transposition vectors b and ¢ computed in the algorithm above
determine the same permutations as the row permutation matrix P = R, --- R; and the column
permutation matrix ) = C - - - C, respectively. Thus the matrices P and @) need not be explicitly
computed.

Solution 1.22: The matrix P is the n X n row permutation matrix I row p where the n-
permutation p is determined by the transposition vector b via the algorithm: [p «— (1,2,...,n):
for i =1,2,...,r: swap p; with py,], i.e. p=(101)(2b2)--- (rb,).
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The matrix @ is the k x k column permutation matrix I col m where the k-permutation m is
determined by the transposition vector ¢ via the algorithm: [m « (1,2,...,k): fori =1,2,...,7r:
swap m; with me,], i.e. m = (1¢1)(2¢a) - (rey).

Note in practical application, none of the matrices C1,...,Cy, R1,..., R, or My,..., M, need to
be computed. They are effectively replaced by b, ¢, and U. Thus none of the bracketed operations
in the LU-decomposition algorithm need to be done.

Exercise 1.23: Show that |U;;| <1for1 <i<j<k.

It remains to demonstrate that the matrix U computed in the Gaussian-elimination LU-decomposition
algorithm is the same as the matrix B~1Q. We have

B7'Q = (C1M1CyMy - - C. M) *C10y - - Cp = MY CL ML Oy - CoMTICLC1C -+ - Cy

Recall that C; = C;° = CZT is a k X k permutation matrix corresponding to a transposition
transposey(i, j) where i < j < r. Thus
B7'Q = M, (Cr (M, (Cra (- (C3(My H(C2 M1 C2))C3)) - ) Cr ).

r—1

Now, let wy be the k-vector such that M; = I + egwh. Recall that My, Mo, ..., M, are re-
stricted Gauss matrices. Thus, for h = 1,...,7, (wp) col 1 : h = 0 and (wp,) col ((h + 1) : k) =
—[L row h col ((h+1) : k)]/Lyp as computed in step 6. Then M, ' = I — efwy,.

Now C’ng_ng = CQ(I - elTwl)C'g = 02_[02 - (026}‘)(11)102) =1- erlf(wng). This follows because
the row permutation matrix Cy exchanges row 2 with row j where j > 2, so that Cse] = ef.
Finally, Cy = Cy ', so CoICy = I.

Also note the column permutation matrix Cy exchanges column 2 with column j where j > 2,
so that w1 Cy col 1 = (wy) col 1; thus (w) col 1 remains 0 and I — ef (w1C3) remains a restricted
Gauss matrix.

Next, My (CoM;'Cy) = (I —edw) (I — e (w1 Ca)) = I — el (w1 Ca) — €3 wo, since e3 woel (wiCy) =
Opxr- And thus, C3(My 1 (CoM;1Cy))Cs = T — ef (w1CyC3) — €3 (w2C3).

Continuing in this manner, we finally obtain

B_IQ =1- Z G;T(U}ZCZJACT)

1<i<r

But, [w;Ciy1---Cy] col (1:4) =0 and [w;Citq1---Cy] col ((i + 1) : k) is the final value of
U row i col ((i+1) : k) computed in the Gaussian elimination LU-decomposition algorithm above.
Thus B~'Q = U, where U row i = e; + w;Cig1 - Cy.

When we have obtained L and U and P (or equivalently b) and @ (or equivalently c), we can use
the process described above to solve x A = v for any given right-side vector v that admits a solution
with two back-substitution steps, and two vector permutations.
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Algorithmically, this process is:

1. Compute v +— v@Q by permuting v according to the transposition vector c.
2. Compute y such that yU = v by back-substitution.

3. If y col [(r+1) : k] # 0 then (‘A = v’ is inconsistent; exit.)

4. z col [(r+1): k] < 0.

5. Compute [z col (1 : r)] such that [z col (1 : r)][L row (1 : r) col (1 : r)] = [y col (1 : r)] via
back-substitution.

6. Compute = <« zP by permuting z according to the transposition vector b.
7. exit.

If we wish to solve just the single system of equations A = v, we can save some time by appending

: . N A .
vto A as A row (n+ 1), and then using Gaussian elimination to convert [ y ] to lower-triangular

J 0
form | K 0 | where the row [w u] is the result of processing v with Gaussian elimination. (The
woou

vector [w u] is equal to the vector y computed in step 2, above.)

Exercise 1.24: What is the maximum number of times we read an element of the matrix L,
given as a function of n and k, in the Gaussian elimination LU-decomposition algorithm above,
not including the optional steps in brackets?

Solution 1.24: Let m = min(n, k). Then the maximum number of L-reads is:
> n—h+1)(k—h+1)+142n+2k+ (k—h)(1+2(n—h)] =
1<h<m
m3+ 2(k—n+2)m?+3[(n+2)(k + 3) — tk]m.

There are several modifications to the Gaussian elimination LU-decomposition algorithm given
above that are practically desirable in a computer program.

The first issue has to do with dividing by L. Because of round-off error and the possibility of
computing too-large or too-small values, we should use an overflow handler that either substitutes
the largest representable correctly-signed value in place of the unrepresentable overflowing value
(with a warning,) or declares our coefficient matrix to be undecomposible. Also, we should use a
machine with “soft” (unnormalized) underflow. Moreover the test “a = 0” in step 3 might usefully
be replaced by “|a| < €”, where € is a small value near the smallest normalized positive value of the
machine. Note that the errors that arise in the various values of a due to round-off error means
that the computed value of the rank r may be incorrect.

In some cases we want to enforce a requirement that the n x k matrix A be of full-rank: rank(A) =
min(n, k). We can modify A if necessary to do this. In this circumstance, we may replace the
statement “if @ = 0 then (r « h—1; exit)” in step 3 with “if |a| < € then (a «— a+2-mv)”, where mv
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is a small positive value [PTVF92]. Suitable choices for mv are the value € or e+min 4,;0 | 4;;]/100.
This device of forcing A to have full-rank is similar to the related device of adding suitable constants
to each diagonal element of an n x m matrix to force it to be non-singular, and to improve its
“condition” for processing by the Gaussian elimination LU-decomposition algorithm. (Another
way to improve the “condition” of the matrix A is to replace A by AS and v by vS, where the
k x k matrix S is a diagonal matrix that scales the j-th equation x(A col j) = v; by the constant
Sj; to obtain the equivalent equation z(A col j)S;; = v;S;j;. Generally we want to choose the
scaling factors S11, 522, ..., Sk to make each equation similar in “size”. For example, we could use
Sjj =1/]A col j|, or S;; = 1/ maxi<i<n |Asj|. Note this scaling could be done within the Gaussian
elimination LU-decomposition algorithm given above.)

The second issue has to do with efficiency. The Gaussian elimination LU-decomposition algorithm
processes the columns of A one-by-one; The processing of a single column consists of scaling to
introduce the value 1 as the diagonal component and subracting multiples of the scaled column
from other columns to “zero-out” the row or tail of the row of that diagonal component. The
non-zero element that we scale to one is called the pivot element, and the process of “zeroing-out”
the pivot-element row is called pivoting, so the Gaussian elimination LU-decomposition algorithm
consists of min(n, k) pivoting operations. A single pivoting step applied to a matrix A with respect
to the pivot element A;; is generally taken to be just the pre- or post-multiplication of A by the
appropriate Gauss matrix that converts A row i to e; or A col j to e?.

In step 2 of the Gaussian elimination LU-decomposition algorithm, the search for the element with
the largest absolute value in the sub-array L row [h : n] col [h : k] is called complete pivoting search,
and the element L,, = a that is found is the pivot element at iteration h. Using the element with
the largest absolute value generally results in the best numerical “stability” - we obtain close to
the least practicable error in the resulting solution vector or vectors computed based on the lower-
triangular matrix L. However, complete pivoting is time-consuming. Nevertheless, if we want to
guarantee the exact form of the matrix L specified above, we need to use complete-pivoting or, at
least, search for a non-zero element.

Exercise 1.25: Can we really guarantee we will get an (approximate) solution to A = v in
the case where A is non-singular by using the LU-decomposition algorithm given above, followed
by two back-substitution computations done in 64-bit floating-point arithemetic?

Solution 1.25: It depends on what the meaning of 'approximation’ is.

When all we care about is computing the unique solution to zA = v when it exists, then there is
a practical compromise called cross-row partial pivoting search, where we replace the pivot-value
search in step 2 with: “Determine the index p € {h,...,n} such that |L,,| = maxp<i<n|Lin|.”, and
then take a = Ly, in step 3. Much experience has shown that this is almost always stable and it is
much less costly than complete-pivoting. When the matrix A is non-singular, partial pivoting will
generally succeed in stably computing the LU-decomposition.

Exercise 1.26: Show that when cross-row partial pivoting is used, the permutation matrices
Cq,...,C, will all be the k x k identity matrix I.

We could also replace the pivot-value search in step 2 with: “Determine the index ¢ € {h,...,k}
such that |Lpe| = maxp<i<i|Lni|.”, and then take a = Ly, in step 3. In this case, the permutation
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matrices Ry,..., R, will all be the n x n identity matrix. We shall call this variant of partial
pivoting, cross-column partial pivoting. When A is non-singular and cross-column partial pivoting
is used, we have AC1 My ---C.M, = L, and L;; # 0 for 1 <1i < n.

Exercise 1.27: Why must A be non-singular to ensure that AC1Mj - -- C. M, = L is obtained
with cross-column partial pivoting?

Exercise 1.28: When can we avoid searching for a pivot value entirely, i. e. when can we
replace step 2 with “p < h;q < h.”? (Does it suffice for A;; to be non-zero for 1 < i < n?)

Exercise 1.29: Can we save any time by searching for the next pivot value in L row ((h+1) :
n) col ((h+ 1) : k) while we are subtracting suitable multiples of L row ((h+ 1) : n) col h from
Lrow ((h+1):n)col (h+1): k) in step 6, and not using step 2 after the first initial pivot
value is determined?

Solution 1.29: Probably we can obtain a constant-factor speed-up. The exact improvment
depends on how good a coder you or your compiler is. But the maximum running time of the
LU-decomposition algorithm remains O(min(n, k)3).

Finally, by replacing the commands “Ly; < 0; Up; < 2”7 with “Ly; < 2”7 in step 6, we can save
space in the Gaussian-elimination LU-decomposition algorithm by storing the elements U;; for
2 <i < min(n,k) and i < j < k in the strictly-upper-triangular part of the matrix L (which would
otherwise be 0) as it is being formed; Uj; is known to be 1 for i = 1,...,k, Uj; is known to be 0
for2<i<j<k,and Urow (n+1:k) = [Op—nn Ik—nk—n] when n < k. Thus U need not be
explicitly created as a separate array.

Exercise 1.30: Given the n x k rank r matrix A, suppose we have the LU-decomposition
PAQ = LU. Describe how we can easily obtain the decomposition A = FGT where F is
an n X r rank r matrix with linearly-independent columns, and G is a k X r rank r matrix
with linearly-independent columns. (Recall that this decomposition is the starting point for
constructing the Moore-Penrose pseudo-inverse matrix A™.)

Exercise 1.31: Suppose A is an n X n non-singular matrix. Explain how to use the LU-
decomposition PAQ = LU to compute A~!. Hint: look at A=A = I as n sets of linear
equations: zA =eq,...,zA = e,.

We stated above that when the n x n matrix A is non-singular, use of cross-column partial pivoting
ensures that we can write AC1 My ---C,. M, = L, where L is an n X n non-singular lower-triangular
matrix (so that L; # 0 for 1 <i < n.)

By multiplying at most v := n(n + 1)/2 particular non-singular elementary matrices on the right
of L, the non-singular matrix L can be reduced to the n x n identity matrix. These elementary
matrices Hi,...,H, are chosen to effect the same transformations as achieved by the following
program: [fori = n,n—1,...,2: (for j = 1,2...,i — 1 : (Ljj < Lijj — (Lsj/Lsi)Ls));for i =

Exercise 1.32: Let 1 < j < i < n. Show that the elementrary matrix that zeros L;; is
E,li,j,—L;ij/Li]. Then show that for 1 < k < n(n — 1)/2, the elementary matrix Hj, is
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Enli,j,—Lij/Li;) where i = p+1 and j = s—i(i—1)/2 with s = 14+n(n—1)/2—k and p = [v/2s].
(Also, for n(n —1)/2+1 <k <n(n+1)/2, H, = Ey[r,r,L,,} — 1] where r = k — n(n —1)/2.)

Thus AC1M;---C.M,Hy---H, = I, so Al = CiM;---C.M,.Hy---H,
and A= H; - H'CoVH "M POt -+ MO Y. Note that Hy Y. Hy L MY o, M7 and

'
Ccy Lo ,C~1 are all elementary matrices or products of elementary matrices; thus A is written

as a product of elementary matrices. (What is the minimum number of elementary matrices that
must be multiplied to guarantee that any non-singular matrix can be produced?)

Exercise 1.33: Let A be an n xn non-singular matrix. Show that application of the algorithm
below to the matrix A exits at step 7 and that, at exit, B is indeed A~

h—1;, B+ I,xn.

a<« 0;fori=h,...,n: if (Ap; # 0) then {a — Ap;; ¢ < i; goto step 3}.

if @ = 0 then exit(“A is singular.”).

if (¢ # h) then {swap A col h and A col ¢ in A; swap B row h and B row ¢ in B; }.

A col h «— (A col h)/a; B col h — (B col h)/a.

fori=1,...,n:

if (i # h) then {A col i « (A col i) — Api(A col i); B col i < (B col i) — Ap;(B col i)}.
7. if h = n then exit(“B = A~1.").

8. h «— h+1; go to step 2.

A S i

Exercise 1.34: Can any n X n matrix, not necessarily non-singular, be represented by a
product of elementary matrices, as defined here?

Exercise 1.35: Let A be an n X n symmetric matrix. Show that there exists a non-singular
matrix F such that FAFT is a diagonal matrix of the form diag(1,...,1,—1,...,—1,0,...,0)
where there are s; ones, followed by s minus-ones, followed by s3 zeros, with s; > 0, so > 0,
s3>0, and $1 + s2 + s3 = n. Hint: choose YT to be the matrix C; M - - - C, M, in the identity
AC1 M ---Cp M, = L expressing the reduction of A to lower-triangular form via cross-column
partial pivoting. Now express YT as a product of elementary matrices E}, - - - EoE;. Then define
FT =YTST... 8T where S; = Ep[i,i,| Ly |'/? —1].

There is an often helpful device called iterative improvment [PTVF92] for improving our solution
x for A = v obtained using the LU-decomposition of A. The idea is as follows. Suppose we
have an approximate solution y with y = x 4 d, where d is the error in the vector y. Then
yA = (x+d)A =v+ c where ¢ = dA = yA — x. Thus we can compute the error d by solving for d
in dA = ¢ (and we can do this using the already-obtained LU-decomposition of A.) Then y — d is
an improved (although generally still approximate when ordinary floating-point arithmetic is used)
solution to zA = v.

Although computing one error vector is usually sufficient (and, indeed, if the vector d that we
compute is very small, it need not be used at all,) we can repeat this process until the error vector
is suitably small, e.g., until maxj<;<y, |d;| < p- maxi<i<p |y;| where the “precision” p is the largest
floating-point value such that 1 4+ p = 1 in machine arithmetic. (On a 64-bit IEEE floating-point

machine, p = 2753,
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Exercise 1.36: Is it possible for iterative improvment to diverge? That is, is it possible that
y — d is a worse solution to xA = v than y itself is?
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